In this work we report progress in the development and implementation of quantum-mechanical methods for calculating bound ground and excited states of small atomic systems. The work concerns singlet states with the L = 1 total orbital angular momentum (P states). The method is based on the finite-nuclear-mass (non-Born-Oppenheimer; non-BO) approach and the use of all-particle explicitly correlated Gaussian functions for expanding the nonrelativistic wave function of the system. The development presented here includes derivation and implementation of algorithms for calculating the leading relativistic corrections for singlet states. The corrections are determined in the framework of the perturbation theory as expectation values of the corresponding effective operators using the non-BO wave functions. The method is tested in the calculations of the ten lowest The determination of atomic energy levels and transition frequencies with spectroscopic precision (i.e., well below 1 cm −1 ) as well as the corresponding wave functions remains one of the most technically and computationally challenging tasks for the quantum theory of atoms and molecules. The amount of computations required grows very rapidly with each additional electron. As a result, retaining accuracy at manageable computational cost becomes a difficult task even for fewelectron systems. Many accurate methods of various natures have been developed in the electronic structure theory in the past several decades. However, in practical calculations most of them can reach only chemical accuracy (1 kcal/mol) and often cannot be applied to excited states. Yet some emerging physical problems related to precision measurements, atomic clocks, and high-resolution spectroscopy require very accurate quantum-mechanical calculations that exceed chemical accuracy by several orders of magnitude.
(Received 20 June 2017; published 25 January 2018) In this work we report progress in the development and implementation of quantum-mechanical methods for calculating bound ground and excited states of small atomic systems. The work concerns singlet states with the L = 1 total orbital angular momentum (P states). The method is based on the finite-nuclear-mass (non-Born-Oppenheimer; non-BO) approach and the use of all-particle explicitly correlated Gaussian functions for expanding the nonrelativistic wave function of the system. The development presented here includes derivation and implementation of algorithms for calculating the leading relativistic corrections for singlet states. The corrections are determined in the framework of the perturbation theory as expectation values of the corresponding effective operators using the non-BO wave functions. The method is tested in the calculations of the ten lowest 1 P states of the helium atom and the four lowest The determination of atomic energy levels and transition frequencies with spectroscopic precision (i.e., well below 1 cm −1 ) as well as the corresponding wave functions remains one of the most technically and computationally challenging tasks for the quantum theory of atoms and molecules. The amount of computations required grows very rapidly with each additional electron. As a result, retaining accuracy at manageable computational cost becomes a difficult task even for fewelectron systems. Many accurate methods of various natures have been developed in the electronic structure theory in the past several decades. However, in practical calculations most of them can reach only chemical accuracy (1 kcal/mol) and often cannot be applied to excited states. Yet some emerging physical problems related to precision measurements, atomic clocks, and high-resolution spectroscopy require very accurate quantum-mechanical calculations that exceed chemical accuracy by several orders of magnitude.
Precise determination of the atomic energies, transition frequencies, and other basic properties requires precise calculation of the effects resulting not only from the strong Coulombic interactions between the particles but also from more subtle effects due to relativism, quantum electrodynamics (QED), and finite nuclear mass and size. There has been a steady progress * monika@fizyka.umk.pl † amir.bralin@nu.edu.kz ‡ sergiy.bubin@nu.edu.kz § ludwik@email.arizona.edu in high-precision atomic calculations over the last two decades. In 2002 very accurate calculations were reported for the lithium atom [1, 2] . In 2006-2007 works were published concerning the lowest S excitation energy of the beryllium atom [3, 4] where all-electron explicitly correlated Gaussian functions (ECGs) were used for expanding the wave functions of the system. The calculated energy of the 3 1 S → 2 1 S transition was within the experimental error bar from the experimental value reported earlier by Johansson [5] and Kramida and Martin [6] . Recently, ECGs were used to calculate the lowest S → P transitions of beryllium [7] . The calculations were performed with the infinite-nuclear-mass (INM) approach and the finite-mass effects were obtained using the perturbation theory. In that work, the leading relativistic corrections for the 2 1 S, 3 1 S, and 2 1 P states of beryllium were calculated using the INM wave functions. We should also mentioned our recent high-accuracy calculations of the lowest four 2 S states of the boron atom [8] where similar accuracy as achieved before for four-electron atoms was reached. In those calculations the finite-nuclearmass (FNM) approach was used. Thus, the finite-mass effects were directly incorporated in the nonrelativistic total energy, as well as in the relativistic corrections which were calculated using the first-order level of the perturbation theory with the FNM wave function being the zeroth-order solution.
In this work we report on a next step in the development of methods for precision calculations of the ground and excited states of small atoms. The development involves derivation and implementation of algorithms for calculating the leading relativistic corrections for atomic singlet states with the total angular momentum quantum number of one (the P states). The first-order perturbation-theory approach is used and the corrections are calculated as expectation values using the FNM wave functions expanded in terms of all-electron ECGs. The wave functions are obtained in variational calculations where the linear and nonlinear parameters involved in the wave functions are extensively optimized.
We have used various types of ECG basis functions in highaccuracy atomic and molecular calculations performed with an approach where the Born-Oppenheimer (BO) approximation is not assumed [9] [10] [11] . In the calculations the coupled motion of the electrons and nuclei and the effects due to the finite masses of the nuclei (the nucleus for an atom) are described in the wave functions and the corresponding energies. When these wave functions are used in calculating the relativistic corrections, the relativistic recoil effects, etc., are directly accounted for in the results. Thus their determination does not require resorting to the perturbation theory.
ECGs are not as efficient in describing the cusps and the tail behavior of the wave functions of bound atomic and molecular states as some other types of explicitly correlated functions, such as Slaters or Hylleraas-type functions [12] [13] [14] [15] [16] . However, with ECGs the multiparticle integrals involved in the Hamiltonian matrix elements and in the matrix elements of the relativistic operators can be easily calculated. This allows for the use of long ECG expansions of the wave functions and effectively remediates the deficiencies of these basis functions in the atomic and molecular calculations provided the Gaussian exponential parameters are well optimized. For ECGs such optimization can be carried out very efficiently using the variational method because the expression for the total energy obtained using ECGs can be easily analytically differentiated with respect to the Gaussian exponential parameters and the energy gradient can be determined and provided to the optimization procedure [9] . The availability of the analytic gradient in the optimization helps considerably in achieving high accuracy in the calculations. It is mostly due to the implementation of the analytical energy gradient in our variational non-Born-Oppenheimer (non-BO) atomic and molecular calculations that the results concerning ground and excited states of these systems have been unmatched in accuracy by calculations performed by others. The results for the four lowest 1 P states of the beryllium atom obtained in the calculations performed in the present work provide an example of the efficiency of the gradient-aided optimization approach.
I. METHOD USED IN THE CALCULATIONS
We consider an atomic system with N particles (a nucleus + (N − 1) = n electrons). After separating out the motion of the center of mass [10] , the N -particle problem is effectively reduced to an (N − 1)-particle problem. In the separation the total nonrelativistic Hamiltonian initially expressed in terms of laboratory 3N Cartesian coordinates is transformed into a Hamiltonian expressed in terms of new Cartesian coordinates, three of which are the laboratory coordinates of the center of mass of the system and the remaining (3N − 3) are internal coordinates. The origin of the internal coordinate system is placed at the nucleus. With the implementation of the new coordinates, the total Hamiltonian rigorously separates into the operator representing the kinetic energy of the motion of the center of mass and the so-called internal nonrelativistic Hamiltonian H nr , which has the following form (in a.u.):
where q 0 is the nuclear charge; The most frequently used approach to account for relativistic and QED effects in light atomic systems is to expand the total energy in powers of the fine-structure constant [17, 18] :
where E
nr is the nonrelativistic energy [an eigenvalue of the nonrelativistic Hamiltonian (1)], E (2) rel includes the leading relativistic corrections, and E (3) qed includes the leading QED corrections. α is the fine-structure parameter (α = 7.297 352 569 8 × 10 −3 [19] ). E (2) rel incorporates corrections represented by the expectation values of some effective relativistic Hamiltonian, which in this work is the Dirac-Breit Hamiltonian in the Pauli approximation [20, 21] . The expectation values are evaluated in the framework of the perturbation theory using the non-BO nonrelativistic wave function obtained for the considered state in the variational FNM calculation. For singlet states the relativistic Hamiltonian contains the following contributing terms,
which represent the mass-velocity (mv), Darwin (d), orbit-orbit (oo), and spin-spin (ss) interactions (the spin-orbit interaction is zero for the singlet states). The explicit form of theĤ mv ,Ĥ d , H oo , andĤ ss Hamiltonians can be found in Ref. [10] .
II. THE NOTATION
Let us first introduce the notation convention used in this work.
(i) α, β, ξ , etc. Lowercase Greek letters are used for scalars.
(ii) a, b, etc. Bold font in the lowercase Latin letters is used to denote vectors in the n × 3 space. These have 3n components. For example, r T = (r 1x ,r 1y ,r 1z ,r 2x , . . . ,r nz ). (iii) A, X, etc. Uppercase Latin letters are used for matrices in the particle space. These are n × n matrices.
(iv) A, X, etc. Bold font in uppercase Latin letters is used to denote matrices in 3n-dimensional space. These are 3n × 3n matrices.
(v) A T , A T , etc. The T stands for matrix or vector transpose. (ix) I 3 , I n The letter I is only used for identity matrices, so that I 3 is the 3 × 3 identity matrix, I n is the n × n identity matrix, etc.
III. BASIS FUNCTIONS
The general form of the basis functions for describing the L = 1 states used in this work is
Here m k is an integer that depends on k with values from 1 to n and A k is a 3n × 3n symmetric matrix. r is a vector of the internal Cartesian coordinates of the n moving electrons (for the He and Be atoms r is a 6 × 1 vector and a 12 × 1 vector, respectively).
In the derivations we often use the following alternative representation of the basis functions (3):
where α k is a parameter and v k is a vector whose components are all zeros, except the 3m k component, which is set to 1. For example, in the case when n = 2 and m k = 1, the six-
Furthermore, it is convenient to define the following "generator" function that can be used to generate φ k in Eq. (4) as
Basis functions used to expand wave functions of bound atomic states need to be square integrable. This puts restrictions on the A k matrix as it needs to be positive definite. To assure that A k is positive definite, it is represented in our approach in the Cholesky-factored form as
where L k is a n × n lower triangular matrix, I 3 is a 3 unit matrix, and ⊗ denotes the Kronecker product. There are restrictions on the values of the L k -matrix elements. They can be any real number with values ranging from −∞ to +∞. Thus, the ECGs in the present approach have the following form:
The L k -matrix elements are the nonlinear exponential parameters which are variationally optimized in our calculations. The spin-free formalism is used to implement the correct permutational symmetry and properly evaluate all necessary matrix elements. In this formalism, an appropriate symmetry projector is applied to the spatial parts of the wave function to impose the desired symmetry properties. The symmetry projector can be constructed using the standard procedure involving Young operators as described, for example, in Ref. [22] . In the case of the 1 P states of the beryllium atom the permutation operator can be chosen as (1 − P 13)(1 − P 24)(1 + P 12)(1 + P 34), where P ij denotes the permutation of the spatial coordinates of the ith and j th electrons. The above operator yields 4! = 24 terms for the matrix elements of the Hamiltonian and the overlap.
The linear coefficients c k in the expansion of the wave function in terms of the basis functions and the nonlinear parameters (i.e., matrices L k ) are determined by performing a minimization of the total energy based on a multistep approach that employs the analytic energy gradient determined with respect to these parameters [10] . The variational calculations are performed separately and independently for each state; i.e., for each state a different basis set is generated.
The final basis set for each state considered in this work is generated in a multistep process. It starts with a small set of randomly chosen functions and involves the incremental addition of new functions. The new functions are added to the basis set one by one and their nonlinear L k parameters are optimized using an approach employing the analytical energy gradient. At this stage, the m k index of z for each added function is also varied from 1 to n and the index is set equal to the value that gives the lowest energy. The initial guess for a new function is generated by selecting a subset of most contributing functions already included in the basis set, randomly perturbing their exponential parameters, and selecting, as a new function, the function from the subset which lowers the energy the most. After a certain number of functions (10-20 in the present calculations) are added to the basis set, the entire basis is reoptimized. The reoptimization involves cycling over all functions, one by one, several times and reoptimizing their nonlinear parameters. Such a one-by-one optimization process can be made very numerically efficient and it has been highly tuned in our calculations. The analytic energy gradient is also employed in this process. At each optimization step the basis set is checked for linear dependencies. If any appear, they are removed as they may cause numerical instability in the calculation.
In the test calculations performed in this work some of the lowest 1 P states of the He and Be atoms are considered. The calculations involving growing the basis sets for He are performed using the INM approach ( ∞ He) and for Be are performed using the FNM approach with the 7 Be nuclear mass. As our previous tests have shown, no reoptimization of the nonlinear variational parameters is needed when states of a different isotope are calculated. The adjustment of the linear coefficients c k through rediagonalization of the Hamiltonian and overlap matrices is quite sufficient for describing the relatively small changes in the wave function caused by the change of the nuclear mass.
IV. PERMUTATIONAL SYMMETRY
In the calculation of the wave function expanded in terms of ECGs (3) each Gaussian is transformed with the appropriate permutational symmetry operator resulting from the total wave function (which includes and spatial and spin coordinates of the electrons) being antisymmetric with respect to the permutation of each two electron labels. The permutational symmetry operator is a sum of operators permuting the labels of the electrons multiplied by appropriate linear coefficients. Each labels-permuting operator is represented by a 3n × 3n permutation matrix. Let us denote by P the permutation matrix representing a particularP permutation operator. Then, acting withP on φ l we get
In calculating the expectation value of an operator, the following property is used:
The following notation is used:
The A l matrix of the nonlinear parameters and the v l vector for the φ l basis function are transformed in the following way (the transformed quantities are denoted asÃ l andṽ l ):
V. SOME AUXILIARY FORMULAS
There are some simple relations that have been used in deriving the expressions for the integrals. They are as follows:
The integration here is over n variables, and x is an n-component vector of these variables. y is a constant vector, n × n matrix A is assumed to be symmetric, and its real part is positive definite. Also, here and everywhere below, by the square root one should understand its principal value (i.e., that root whose real part is greater than zero).
(ii) The following symbols are used in the derivations:
(iii) Some useful matrix relations are used:
we denote the gradient with respect to the vector of the coordinates, r, and we have
(v) In this work we use the following first-order derivatives. For example, the derivatives of the k function ϕ k are
Hence some useful relations can be derived:
(vi) The matrix J ij used in the above expressions is defined as
where E ij is the 3n × 3n matrix with 1 in the ij th position and 0 elsewhere. Formally this can be written as (E ij ) α β = δ i α δ jβ . (vii) Transformations involving determinants can be be handled using the following theorem [23] :
(viii) The inverse of a sum of matrices is obtained as follows.
(a) If A is an arbitrary nonsingular square matrix and B is a nonsingular matrix with rank one then [23] (A + B)
(b) The sum of two Kronecker products, A ⊗ G + B ⊗ E, where B and E are matrices of rank one and A and G are nonsingular matrices is obtained as
VI. HAMILTONIAN
The relativistic Hamiltonian for singlet states used in this work [see Eq. (2)] consists of the following terms:
All these terms are treated as perturbations.
VII. MASS-VELOCITY HAMILTONIAN MATRIX ELEMENT
The mass-velocity Hamiltonian matrix element is given as
The matrix elements that need to be calculated are
where we use matrix J (with no indicies), whose matrix elements are all equal to 1: J αβ = 1.
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Only one type of integral appears in the expression for theĤ mv matrix elements: ∇ r T D∇ r φ k |∇ r T D∇ rφl , where D is either J or J ii . To compute it we express it, according with (21) , through the following elementary integrals:
VIII. DARWIN HAMILTONIAN MATRIX ELEMENT
The Darwin Hamiltonian matrix element is given as
The contributing integrals to this matrix elements are calculated as
where J g = J ii or J g = J ij . Matrix elements with the Dirac δ function were calculated in our previous work [24] .
IX. ORBIT-ORBIT HAMILTONIAN MATRIX ELEMENT
The matrix notation of the orbit-orbit interaction operator is as follows (for details see Refs. [25, 26] ):
To simplify the expression for the expectation value ofĤ oo we use the following general integral for each of the three terms appearing in the expectation value:
where for the term (35):
for term (36):
for the term (37):
Now, the integrals appearing in the above matrix elements are expressed in terms of more elemental integrals. After that these elemental integrals are calculated.
Based on (21) we have
and
We rewrite this integral in the following way:
The integral can be split into three terms:
As similar integrals were calculated in our previous works [25, 26] , we only show here the final results for term 1, term 2, and term 3.
Term 1: dr
where the above transformations (44) can be easily performed using (15) and (18) . Hence the final form of the integral is
Term 2: dr
We note that
Hence, the expression (46) is analogous to (43).
Term 3: dr
First we make a few simple transformations:
Based on (22) we get
X. MATRIX ELEMENTS
The elemental integrals are now evaluated.
A. Overlap integral
The overlap integral is
The normalized overlap integral is
The details of the derivation were shown in Ref. [24] . Now additional integrals need to be calculated.
B. φ k |(r T Xr)|φ l
Using the representation of basis functions (3) presented by Eq. (4) and using Eq. (13) we get
This integral is evaluated in the following way:
Using the general expression for the derivative of a product of a determinant and a scalar both being dependent on the derivative variable and the scalar being a product of a vector, a matrix, and a vector (
Using in (53) the following,
we get
This integral is calculated analogically to integral φ k |(r T Xr)|φ l :
Details of the derivation of this integral were shown in Ref. [24] .
This integral is evaluated as follows:
where
and where a = Tr [Ã
So finally,
Further calculations are tedious, but analogous to those for integrals φ k |(r T Xr)(r T Yr)|φ l and
This integral is calculated analogously to φ k | 1 r g |φ l when α k and α l are set to zero:
This integral is calculated analogously to integral φ k | 1 r g (r T Xr)|φ l with α k and α l set to zero:
and 
where 
Finally,
XI. COMPUTATIONAL IMPLEMENTATION AND TEST CALCULATIONS
Algorithms for the leading relativistic corrections (mv, dar, oo, and ss) for the singlet P states derived in this work were implemented on a parallel computer platform using FORTRAN90 and a message passing interface. The implementation was general and can be applied to atoms with an arbitrary number of electrons.
The test calculations were performed for the lowest ten 1 P states of the helium atom and for the lowest four 1 P states of the beryllium atom. These systems were chosen because results for some of the states considered here were calculated before by Drake and Yan [27] and by Puchalski et al. [7] . This enables comparison and verification of the present algorithms.
The results for the helium atoms are presented in Table I . The INM and FNM total nonrelativistic energies and the corresponding mv, dar, oo, and ss relativistic corrections are shown. The INM results are compared with the results of Drake and Yan [27] . Three basis sets were used in the calculations for each state. For all states the basis sets include 800, 1000, and 1200. The INM total energies obtained by Drake and Yan are either equal or slightly lower than ours. For higher states, where the energies of Drake and Yan are more noticeably lower than our energies, including more ECGs would be necessary to achieve better agreement of the two sets of results. For the ground state, where our nonrelativistic energy agrees with the energy of Drake and Yan to 12 significant figures, the agreement between our and their values of the relativistic + . The INM result is zero because the terms proportional to the inverse of the nuclear mass vanish and the two-electron term is not present. It is also not present in the FNM result, but the terms proportional to the inverse of the nuclear mass are not zero. They represent the interaction of the orbital momentum of the electron with the orbital momentum of the moving nucleus. Also, as one can see by examining the oo FNM results in Table I , the 4 He n 1 P results converge with increasing n to the 1 2 S 4 He + result (given above), as they should. In conclusion, the above analysis of the results for the helium atom lends confidence that the algorithms derived and implemented in this work are likely correct.
The next set of tests are performed for the lowest four ECGs are presented in Table II . As one can see, the total energy for all four states is converged to 10 or 11 digits with the number of the basis functions. The convergence of the mv and dar corrections and, in particular, the oo corrections is also very good. The results for the lowest 1 P state (the only state calculated before) are compared with the results of Puchalski et al. [7] . It should be noted that the "drachmanization" procedure (extrapolation and regularization procedure) was applied in their calculations, thus the results for the mv and dar corrections were not directly obtained as expectation values of the corresponding operators, as they have been in our calculations. As one can see, our mv and dar INM corrections converge very well with their results. Also, our oo correction agrees with theirs within five significant digits.
Finally, the last set of results (shown in Table III ) concerns the n 1 P → (n + 1) 1 P transition energies for the beryllium atom and their comparison with the experimental date [6] . In Table III 
XII. SUMMARY
In summary, algorithms for calculating the leading relativistic corrections for singlet P bound states of small atoms have been derived and implemented. All-electron explicitly correlated Gaussian functions are used in expanding the nonrelativistic INM and FNM wave functions of the system. The wave functions are used to calculate the expectation values of the mv, dar, oo, and ss relativistic operators. These operators are obtained by transforming the laboratory-frame operators representing both the nucleus and the electrons into operators expressed in terms of the internal coordinates. With that the effect of the finite nuclear mass is explicitly included in the relativistic corrections and does not need to be added as a perturbation. Such an approach also eliminates the need of separately determining the relativistic recoil effects.
Test calculations are performed for some of the lowest-lying P states of the helium and beryllium atoms. The next step in this project will involve implementation of the leading QED corrections for the P states. The spin-orbit relativistic corrections will also be implemented to perform calculations of spin states higher than singlet. This will be followed by application calculations of the P spectra of the Be and B atoms and of the B + and C + atomic ions.
